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ABSTRACT
We study the dynamics and locomotion of a neutrally-

buoyant deformable body that can undergofinite shape deforma-
tions and is immersed in a perfect and incompressible fluid. We
model the body as a constrained Cosserat beam, more precisely,
a Kirchhoff beam, and we derive the equations governing its mo-
tion in potential flow where the ambient fluid is accounted for
using the added mass effect. We show that the submerged beam
can undergo net locomotion due to applied torsional loadingon
its centerline.

1 INTRODUCTION
Early efforts in developing mathematically-sound models of

swimming can be attributed to the work of Lighthill and Wu,
see, e.g., [1, 2]. Interest re-emerged over the past few years to
understand the mechanics of fish swimming and thereby enable
novel engineering applications such as the design of biologically-
inspired vehicles. A model for fish swimming is presented in [3]
where the fish is considered to be an articulated body whose
shape (i.e., the relative angles between the links forming the ar-
ticulated body) is controlled or given as a function of time.The
internal work required for the body to perform such deforma-
tions was neglected. However, it is known that the fish body pro-
vides considerable resistance to bending and evidence exists that
the elastic properties of the fish body are tuned to hydrodynamic
forces (see, e.g., [4–7]).

∗Address all correspondence to this author.

In this paper, we model the effect of the internal resistance
to bending using a Cosserat beam theory with uniform bending
rigidity (see [8] for an alternative model) and hyperelastic mate-
rial behavior (see, e.g., [9]). More precisely, we use a Kirchhoff
beam to model the fish, since it fulfils the condition of constant
volume automatically. We assume that the beam is submerged
in an infinite volume of inviscid, incompressible fluid. A re-
duced formulation of the dynamics of the beam that does not
explicitly incorporate the ambient fluid is derived. The underly-
ing assumption is that the motion of the beam does not generate
circulation in the fluid. This formulation is most suited forthe
analysis of aquatic animals that move at large Reynolds numbers
with propulsive movements analogous to those of carangiform
and thunniform fish (which move by deforming their bodies in
the direction transverse to their swimming motion). Fish can reg-
ulate their buoyancy and remain approximately neutrally buoy-
ant when swimming in a plane perpendicular to the direction of
gravity. Hence, it is a reasonable first step to model the fish as a
neutrally buoyant beam.

The organization of this paper is as follows. We present the
Cosserat beam model in Section 2 and the fluid model in Sec-
tion 3. In Section 4, we discretize the beam and derive an ex-
pression for the kinetic energy of the fluid in terms of theadded
massesand the configuration and velocity variables of the dis-
cretized beam. In Section 5, we consider planar motions of the
beam and in Section 6 we discuss swimming motions of the pla-
nar beam subject to prescribed torsional loading on its centerline.
The main findings are summarized in Section 7.
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Figure 1. CONFIGURATION OF A BEAM WITH RESPECT TO AN OR-

THONORMAL FRAME {eeeI} FIXED IN SPACE.

2 COSSERAT BEAM
The description of geometrically exact Cosserat beams re-

lies on the kinematic assumption illustrated in Fig. 1, thatthe
placement of a material point in the inertial frame{eeeI}, which is
identified by its position vectorXXX(ζi) ∈ B0 ⊂R

3 in the reference
configurationB0, can be described by

xxx(ζi ,s, t) = rrr(s, t)+ ζidddi(s, t) (1)

see, e.g., [9] or [10]. Note that the sum over the repeated in-
dex comprisesi = 1,2 and the spatial extension of the beam in
the longitudinal direction is accounted for by the parametrisa-
tion in s. Here (ζ1,ζ2,ζ3 = s) ∈ R

3 is a triple of curvilinear
coordinates withs∈ [0,L] ⊂ R being the arc-length of the line
of centroidsrrr(s,0) ∈ R

3 in the reference configuration.{dddI}
represent an orthonormal triad. The directorsdddi(s, t), i = 1,2,
span a principal basis of the cross-section ats and timet which
is accordingly assumed to stay planar for all time. In the ref-
erence configuration,ddd3 is tangent to the central linerrr(s,0)
but this is not necessary in a deformed configuration. This
allowance of transverse shear deformation corresponds to the
Timoshenko beam theory. The beam’s configuration variable
qqq(s,t) = [rrr(s,t),ddd1(s,t),ddd2(s, t),ddd3(s, t)]T ∈R

12 is subject to six
orthonormality constraints for the director triad.

dddi ·ddd j = δi j (2)

Therefore, their velocity reads

ḋddi = ωωω×dddi ,

whereby the angular velocity vectorωωω can be represented as

ωωω = ωidddi , ωi =
1
2

εi jk ḋdd j ·dddk. (3)

The strain energy density functionW(ΓΓΓ,KKK) is expressed in
terms of the objective strain measures

ΓΓΓ(qqq) = Γieeei , Γi = dddi ·
∂rrr
∂s

− δi3,

KKK(qqq) = Kieeei , Ki =
1
2

εi jk

(

dddk ·
∂ddd j

∂s
− (dddk ·

∂ddd j

∂s
)|t=0

)

,

(4)

whereδi j is the Kronecker delta andεi jk the alternating symbol.
An interpretation of these strain measures can be found in [9],
whereuponΓ1 andΓ2 measure shear strains,Γ3 elongation,K1

andK2 quantify flexure andK3 torsion. The constitutive equa-
tions

ννν =
∂W
∂ΓΓΓ

, µµµ=
∂W
∂KKK

define the resulting shear forcesν1,ν2 and axial forceν3 and
the resulting bending momentaµ1,µ2 and torsional momentµ3

respectively.
The kinetic energyTB of the deformable body is indepen-

dent ofḋdd3. This can be readily verified by differentiating Eqn. (1)
in time and noting that the sum over the repeated index comprises
i = 1,2. The kinetic energyTB can be written as

TB =
1
2

Z s=l

s=0

(

ṙrr · (ρBA)ṙrr + ḋdd1 · (ρB I1)ḋdd1 + ḋdd2 · (ρB I2)ḋdd2
)

ds,

(5)
whereρB is the density of the body (assumed to be uniform),A is
the cross-sectional area,I1 andI2 are the area moments of inertia
of the cross-section.

Kirchhoff beam theory is a special case of the geometrically
exact Cosserat beam theory which assumes that the beam is un-
shearable and inextensible, thus it undergoes pure bendingand
torsion andΓΓΓ defined in Eqn. (4) is constrained to be zero every-
where at all times. This is equivalent to the condition that

ddd3 =
∂rrr
∂s

(6)

is the unit tangent to the centerline. Together with Eqn. (2), the
contraint Eqn. (6) accounts for no shear and no elongation.

3 INVISCID AND INCOMPRESSIBLE FLUID
The fluid regionF around the beam is connected. Assume

the flow due to deformations of the beam to be irrotational and
to have zero circulation. The fluid velocity fielduuu can then be
written as the gradient of a potential functionφ,

uuu = ∇φ. (7)
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Incompressibility implies that the Laplacian ofφ is zero,

∆φ = ∇ · (∇φ) = 0. (8)

The impermeability boundary condition on the beam’s boundary
∂B and the condition of zero velocity at infinity can be written as

(∇φ) ·nnn|∂B = (ṙrr + ζiḋddi) ·nnn
∣

∣

∂B , ∇φ|∞ = 0, (9)

wherennn is the unit normal into the fluid.
The kinetic energy of the fluidTF is given in spatial repre-

sentation by

TF =
1
2

Z

F

ρF uuu·uuudv, (10)

where dv the standard volume element onR
3. The Kinetic en-

ergy of the fluid Eqn. (10) can be expressed as a boundary inte-
gral. First substitute Eqn. (7) into Eqn. (10) and use the identity

div(φ∇φ) = ∇φ ·∇φ+ φ△φ

together with Eqn. (8). Then, invoke Green’s theorem, taking
into consideration that the fluid is at rest at infinity Eqn. (23), to
get

TF =
1
2

Z

∂B
ρF φ(∇φ ·nnn)da ≈

1
2

Z l

s=0
ρF φ(∇φ ·nnn)ds, (11)

whereρF is the mass density of the fluid and da an infinitesimal
area element of∂B . Note that the integral over the fluid domain
in Eqn. (10) reduces to an integral over the boundary of the body
∂B as shown in the first equality. Given that the cross-sectional
dimensions of the submerged body is assumed to be small rela-
tive to its length, one could think of the velocity potentialφ as
primarily dependent on the arclengths and timet such that the
boundary integral can be approximated as an integral over the
centerline of the body as proposed by the last term of Eqn. (11).
This approximation is consistent with the Cosserat beam theory
employed in Section 2. It is convenient for rewriting the kinetic
energyTF of the fluid in Section 4 as a function of the configu-
ration and velocity of the deformable beam to introduceϕϕϕ andχχχ
such that

φ = ϕϕϕ · ṙrr + χχχ ·ωωω, (12)

Figure 2. ELEMENT-BASED KIRCHHOFF BEAM.

whereωωω is given by Eqn. (3) andϕϕϕ, χχχ are both vector-valued
functions of arclengthsand timet. It is worth noting that the vir-
tual linear and angular momenta of the body due to the presence
of the surrounding fluid can be defined as follows (see, e.g., [11]),

pppfluid =

Z l

s=0
ρF φnnnds, πππfluid =

Z l

s=0
ρF φ(rrr ×nnn)ds, (13)

where the angular momentumπππfluid is taken about the origin of
the inertial frame. One could substitute Eqn. (12) into Eqn.(13)
to get

pppfluid =

Z l

0
ρF (ϕϕϕ⊗nnn) · ṙrr ds+

Z l

0
ρF (χχχ⊗nnn) ·ωωωds,

πππfluid =

Z l

0
ρF (ϕϕϕ⊗ (rrr ×nnn)) · ṙrr ds+

Z l

0
ρF (χχχ⊗ (rrr ×nnn)) ·ωωωds,

(14)

where ρF (ϕϕϕ ⊗ nnn), ρF (χχχ ⊗ nnn), ρF (ϕϕϕ⊗ (rrr ×nnn)) and ρF (χχχ ⊗
(rrr × nnn) are referred to asadded mass per unit length. A sim-
ilar expression for the virtual linear momentumpppfluid can be
found in Lighthill’s slender body theory (see, e.g., [1]). How-
ever, Lighthill only consider the first term in Eqn. (14)1 which
means that he completely ignores the rotational motion and the
way it couples with the translational motion.

4 DISCRETE BEAM, EXACT FLUID
As a first step towards modeling a submerged deformable

body undergoing finite deformations, we use the Kirchhoff
model of elastic beams which support only bending and torsional
deformations. In this case, the condition of constant volume
of the beam is fulfilled automatically. The discrete beam for-
mulation described in the sequel is adapted from [12] and [13]
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where one-dimensional finite elements are used to discretize the
beam. Due to the midpoint evaluation of the discrete strainsin
Eqn. (16), our formulation corresponds to linear finite elements
and converges quadratically.

The centerline of the beam is discretized usingN+1 points
that divide it intoN elements or edges of equal length∆l , see
Fig. 2. Letqqq(t) ∈ R

12N denote the corresponding spatially dis-
crete configuration variable

qqq(t) =
[

qqq1(t), . . . ,qqqN(t)
]T

=
[

rrr1(t),ddd1
1(t),ddd

1
2(t),ddd

1
3(t), . . . , rrr

N(t),dddN
1 (t),dddN

2 (t),dddN
3 (t)

]T
,

whererrrk denotes the placement of thek-th element center and
the director triad{dddk

I } represents its orientation in space.qqq(t) is
subject to the orthonormality constraints Eqn. (2) for eachtriad.
Additionally, unshearability and inextensibilty give rise to the
constraints

rrrk = rrrk−1 +
∆l
2

(

dddk−1
3 +dddk

3

)

(15)

for k = 2, . . . ,N. The bending and torsion strains caused by rela-
tive rotation of adjacent elements read

Kk−1,k
i =

1
2

εi jl

(

dddk
l +dddk−1

l

2
·
dddk

j −dddk−1
j

∆l
−Kk−1,k

i|t=0

)

. (16)

Assuming that the beam deformations are governed by hyper-
elastic material behaviour, the stored-energy function takes the
form

W(KKK) =
∆l
2

N

∑
k=2

(

EIk−1,k
1

(

Kk−1,k
1

)2
+EIk−1,k

2

(

Kk−1,k
2

)2

+GJk−1,k
(

Kk−1,k
3

)2
)

(17)

with the bending and torsional stiffnessEIk−1,k
1 ,EIk−1,k

2 and
GJk−1,k, respectively. The kinetic energyTB of Eqn. (5) can be
discretized in a straightforward way

TB =
∆l
2

N

∑
k=1

(

ṙrrk · (ρBA)ṙrrk + ḋdd
k
1 · (ρB I1)ḋdd

k
1 + ḋdd

k
2 · (ρB I2)ḋdd

k
2

)

.

(18)
We assume that the spatial discretization of the beam does

not correspond to a spatial discretization of the fluid domain.
In other words, we consider a discretized beam moving in a

spatially-continuous fluid domain so that the gradient and the
Laplacian of the fluid potential are meanningful operators.This
modeling approach is similar in spirit to that in [3] where the
immersed body is discretized into three sections from the onset.
The fluid kinetic energy Eqn. (11) can be written as

TF =
1
2

Z l

0
ρF φ(∇φ ·nnn)ds≈

1
2

N

∑
k=1

Z k∆l

(k−1)∆l
ρF φ(∇φ ·nnnk)ds.

(19)
Our goal is to find an expression for the kinetic energyTF that is
only function of the configuration and velocity of the discretized
deformable body. By virtue of the linearity of Laplace’s equa-
tion, one could apply the principle of superposition to write the
potentialφ as a sum of potential functions

φ =
N

∑
i=1

φi (20)

whereφi is the potential function due to a motion of theith el-
ement. That is,φi is a solution of Laplace’s equation subject to
the following boundary conditions (no sum oni)

∂φi

∂n j

∣

∣

∣

∣

∂B
=







(ṙrr i + ζl ḋdd
i
l ) ·nnn

j
∣

∣

∣

∂B
for i = j

0 for i 6= j
, ∇φi

∣

∣

∞ = 0.

(21)

The potentialsφi can be written as done in Eqn. (12)

φi = ϕϕϕi · ṙrr i + χχχi ·ωωωi (no sum oni). (22)

Here,ϕϕϕk andχχχk are potential functions (of boths andt) subject
to proper boundary conditions. These conditions are obtained by
substituting Eqn. (22) into Eqn. (21) and using the fact that

ωωωi = DDDi
l ḋdd

i
l , DDDi

l = −
1
2
(εmnlddd

i
m⊗dddi

n) (no sum oni),

andDDDi
l = −

1
2
(εmnlddd

i
m⊗ dddi

n) is orthogonal (hence its inverse is

equal to its transpose). To this end, one gets

∂ϕϕϕi

∂n j

∣

∣

∣

∣

∂B
= δ ji nnnj ,

∂χχχi

∂n j

∣

∣

∣

∣

∂B
= ζl DDD

i
l (δ

ji nnn j)
∣

∣

∂B (no sum oni).

(23)

Now, substitute Eqn. (22) into Eqn. (20) and use the resulting ex-
pression forφ in Eqn. (19) to get, upon employing the boundary
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conditions Eqn. (23) and simplifying, that

TF =
1
2

N

∑
i=1

N

∑
k=1

[

ṙrr i ·Θik
r ṙrrk+ 2ṙrr i ·Θik

rωωωωk + ωωωi ·Θik
ω ·ωωωk

]

, (24)

where

Θik
r =

Z k∆l

(k−1)∆l
ρF ϕϕϕi ⊗nnnkds, Θik

ω =

Z k∆l

(k−1)∆l
ρF χχχi ⊗ ζl DDD

k
l ·nnn

kds,

Θik
rω =

1
2

Z k∆l

(k−1)∆l
ρF
(

ϕϕϕi ⊗ ζlDDD
k
l ·nnn

k + χχχi ⊗nnnk
)

ds.

(25)

The kinetic energy Eqn. (24) can be rewritten in terms ofq̇qqi(t) =
[

ṙrr i(t), ḋdd
i
1(t), ḋdd

i
2(t), ḋdd

i
3(t)
]T

in the compact form

TF =
1
2

N

∑
i=1

N

∑
k=1

q̇qqi ·Mik
f · q̇qq

k, (26)

whereM
ik
f is theadded mass matrix

M
ik
f =















Θik
r Θik

rωDDDk
1 Θik

rωDDDk
2 Θik

rωDDDk
3

(DDDi
1)

T Θik
rω (DDDi

1)
T Θik

ωDDDk
1 (DDDi

1)
TΘik

ωDDDk
2 (DDDi

1)
T Θik

ωDDDk
3

(DDDi
2)

T Θik
rω (DDDi

2)
T Θik

ωDDDk
1 (DDDi

2)
TΘik

ωDDDk
2 (DDDi

2)
T Θik

ωDDDk
3

(DDDi
3)

T Θik
rω (DDDi

3)
T Θik

ωDDDk
1 (DDDi

3)
TΘik

ωDDDk
2 (DDDi

3)
T Θik

ωDDDk
3















.

5 TWO-DIMENSIONAL MOTION
Consider a two-dimensional beam in pure bending and write

the velocity potentialsϕϕϕk andχχχk with respect to the triad attached
to elementk

ϕϕϕk = ϕk
1dddk

1 + ϕk
3dddk

3, χχχk = χk
2dddk

2.

Also write the velocity of elementk as ṙrrk = (ṙrrk · dddk
1)ddd

k
1 + (ṙrrk ·

dddk
3)ddd

k
3 andωωωk = ωk

2dddk
2 whereωk

2 = 1
2ε2 jl ḋdd

k
j ·ddd

k
l = 1

2(ḋdd
k
3 ·ddd

k
1− ḋdd

k
1 ·

dddk
3). The unit vector normal to elementj is simplynnn j = ddd j

1. The
velocity potentialsϕk

1 are thus given by the Neumann problem

∆ϕk
1 = 0 such that

∇ϕk
1 ·ddd

j
1

∣

∣

∣

∂B
= δ jkddd j

1 ·ddd
k
1 =

{

1 for i = j
0 for i 6= j

, ∇ϕk
1

∣

∣

∣

∞
= 0.

(27)

Similarly, the velocity potentialsϕk
3 are given by

∆ϕk
3 = 0 such that

∇ϕk
3 ·ddd

j
1

∣

∣

∣

∂B
= δ jkddd j

1 ·ddd
k
3 = 0, ∇ϕk

3

∣

∣

∣

∞
= 0.

That is,ϕk
3 are identically zero for all time and allk. The velocity

potentialsχk
2 are also solutions to Laplace’s equations subject to

zero decay at infinity and

∇χk
2 ·ddd

j
1

∣

∣

∣

∂B
= (ζl DDD

k
l ·δ

jkddd j
1) ·ddd

k
2

∣

∣

∣

∂B

=

{ 1
2

swheres∈ ((k−1)∆l , k∆l) for k = j

0 for k 6= j
.

(28)

Substitute the above expressions for the potentialsϕϕϕk andχχχk and
the corresponding boundary conditions into Eqn. (25) to get

Θik
r = αikdddi

1⊗dddk
1, Θik

ω = βikdddi
2⊗dddk

2,

Θik
rω = γik(dddi

1⊗dddk
2 +dddi

2⊗dddk
1),

(29)

where

αik =

Z k∆l

(k−1)∆l
ρF ϕi

1ds, βik =

Z k∆l

(k−1)∆l

1
2

ρF χi
2sds,

γik =
1
2

Z k∆l

(k−1)∆l

1
2

ρF ϕi
1sds=

1
2

Z k∆l

(k−1)∆l
ρF χi

2ds.

By virtue of Eqn. (29) and using Eqn.ωωωk = ωk
2dddk

2 whereωk
2 =

1
2ε2 jl ḋdd

k
j ·ddd

k
l = 1

2(ḋdd
k
3 ·ddd

k
1− ḋdd

k
1 ·ddd

k
3), the kinetic energy of the fluid

Eqn. (24) and Eqn. (26) can be rewritten in the convenient form

TF =
1
2

N

∑
i=1

N

∑
k=1

[

ṙrr i ḋdd
i
1 ḋdd

i
3

]

·Mik
f ·













ṙrrk

ḋdd
k
1

ḋdd
k
3













(30)

with

M
ik
f =



















αikdddi
1⊗dddk

1 −
γik

2
dddi

1⊗dddk
3

γik

2
dddi

1⊗dddk
1

−
γik

2
dddi

3⊗dddk
1

βik

4
dddi

3⊗dddk
3 −

βik

4
dddi

3⊗dddk
1

γik

2
dddi

1⊗dddk
1 −

βik

4
dddi

1⊗dddk
3

βik

4
dddi

1⊗dddk
1



















.
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The total energy of the body-fluid system is obtained by
adding the two-dimensional version of Eqn. (18) and Eqn. (30),

T = TB +TF =
1
2

N

∑
i=1

N

∑
k=1

q̇qqi · (δik
M

k
b +M

ik
f ) · q̇qqk. (31)

The constant mass tensorsM
k
b are given by

M
k
b = ∆l





(ρBA)III 000 000
000 (ρB I1)III 000
000 000 000



 , (32)

whereIII and 000 denote the 2×2 identity and zero matrix, respec-
tively. Furthermore, in the two-dimensional case only bending
with respect to the out of plane axis occurs and the stored energy
function given in Eqn. (17) reduces to

W(KKK) =
∆l
2

N

∑
k=2

EIk−1,k
(

Kk−1,k
2

)2
. (33)

6 LOCOMOTION OF THE SUBMERGED BEAM
Numerical method

The problem of solving Laplace’s equation for the veloc-
ity potentials over the fluid domainF subject to zero velocity
at infinity and impermeable boundary conditions can be done
numerically using aboundary element method, also referred to
as a panel method. We use the panel method devised by [14]
(see also [15]) which utilizes a piecewise-constant distribution
of source singularitiesover the boundary of the submerged body
and computes the strength of this distribution by imposing appro-
priate boundary conditions. The use of source/sink distributions
cannot contribute any net circulation around the body and allows
one to ensure a priori that the circulation in the fluid remains
zero at all time. Physically speaking, thisfictitious source distri-
butioninduces a velocity field in the fluid that is equivalent to the
velocity field resulting from the motion of the submerged body.
The theoretical foundation of such panel methods is based onre-
formulating Laplace’s equations as a boundary integral equation,
using the divergence theorem, see, e.g., [16](Chapter 6).

For the submerged planar Cosserat beam, we solve for 2N
distinct source distributions corresponding to the 2N velocity po-
tentialsϕk

1, χk
2 (k = 1, . . . ,N) subject to the two sets of boundary

conditions in Eqn. (27) and Eqn. (28).
Time-integration of the equations of motion is performed

with a variational integrator, see, e.g., [17], yielding a
symplectic-momentum conserving discrete trajectory. Details
on variational integrators for constrained systems can be found
in [18]. Accordingly, usingLagrange multipliersλλλ to enforce

the holonomic constraints Eqn. (2) and Eqn. (15) combined in
ggg(qqq) = 000, the constrained discrete Euler-Lagrange equations take
the form

D1Ld(qqqn,qqqn+1)+D2Ld(qqqn−1,qqqn)−∆tGGGT(qqqn) ·λλλn = 000

ggg(qqqn+1) = 000
(34)

Here,∆t denotes the time-step andLd is the discrete Lagrangian
which approximates the action integral of the continuous La-
grangianL over one time interval. Specifically, we useL =
T −W, whereT is given in (31) andW is given in (33) and
discretize in time using the approximation

Ld(qqqn,qqqn+1) =
1

2∆t
(qqqn+1−qqqn) · (Mb +M f (qqqn)) · (qqqn+1−qqqn)

−∆tW(KKK(qqqn+ 1
2
))

whereqqqn+ 1
2

denotes the midpoint ofqqqn andqqqn+1. In the regime
of finite (geometrically nonlinear) elastic deformations that we
consider here, the midpoint evaluation of the stored energyfunc-
tion enhances the robustness of the simulation, compared to
the evaluationW(KKK(qqqn)) at the last time-node, and substan-
tially larger time-steps can be used. The resulting implicit time-
stepping scheme Eqn. (34) is solved using Newton-iteration.

This discrete Lagrangian is invariant with respect to rigid
body motion superposed on the beam configuration. Due to the
variational nature of the time-stepping scheme, the correspond-
ing discrete momentum maps, namely the total linear and an-
gular momentum of the fluid-solid-system are exactly conserved
(up to the numerical tolerance of 10−9 employed in the Newton-
iteration). Furthermore, solution shows the typical good energy
behaviour of variational integrators in the sense that thattotal en-
ergy of the fluid-solid-system is oscillating with small amplitude,
in particular, energy is not gained or dissipated numerically.

Numerical examples and discussion
In the sequel, different types of ‘swimming’ resulting from

different loading, stiffness, geometry, discretization and initial
condition are discussed. The focus is on the locomotion of
the ‘fish’ rather than on the beam deformation. Table 1 sum-
marises the parameter values in the different simulations.All
dynamic simulations are based on the constant time-step∆t =
10−2, the fluid densityρF = 10 and the inertia parameters of
the beam(ρBA) = 3.1 · 10−1 and (ρB I1) = 7.8 · 10−6 appear-
ing in the constant mass matrix of the beam Eqn. (32). In gen-
eral, the number of fluid panels per element is 4, except when
very coarse discretizations are used, e.g.N = 3, then it is in-
creased to 12. Furthermore, the loading torques vary according
to τ(t,s) = Acos( f t −κs/l) with f = κ = 2π in time and space,
see Fig. 3.
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Table 1. PARAMETER VALUES IN THE DIFFERENT SIMULATIONS.

i) ∆t = 10−2s ρF = 10kg/m3

... (ρBA) = 3.1 ·10−1kg/m (ρB I1) = 7.8 ·10−6kg/m

xii) f = κ = 2π

A EI[Nm2] l [m] N vvv0[m/s]

i) 1 5 1 9 [0,0]

ii) 1 10 1 9 [0,0]

iii ) 0.5 5 1 9 [0,0]

iv) 1 5 1 3 [0,0]

v) 0.5 5 2 9 [0,0]

vi) 1 [5,50] 1 9 [0,0]

vii) 1 [3,10] 1 9 [0,0]

viii) [0,1] 5 1 9 [0,0]

ix) [0,1] 5 1 9 [0,0]

x) 0 5 1 3 [10−1,10−4]

xi) 0 5 1 9 [10−1,10−4]

xii) 0 5 1 27 [10−1,10−4]

0

0.2

0.4

0.6

0.8

1

Figure 3. APPLIED TORQUES BETWEEN THE ELEMENTS τ(t,s) =
Acos( f t −κs/l) WITH f = κ = 2π.

Active swimming refers to the case where the beam
undergoes a net locomotion due to prescribed loading on its
centerline. We think of the prescribed loading as the activation
mechanism which is responsible for locomotion similar to the
muscle activation in real fish. During active swimming, nonzero
torques are applied at the ‘joints’ between the elements.

Fig. 4 shows the trajectories of three different simulations.
In each element’s center, the two directors are attached to illus-
trate the element’s orientation. While showing the same qual-
itative motion, namely swimming to the left and performing a
slight curve to the right, clearly, the trajectories as wellas the
swimming velocity depend in a nontrivial way on the beam pa-
rameters as well as the loading. In the top simulationi), the ratio
between the beam’s stiffness and the amplitude of the loading
leads to faster swimming motion in comparison toii) andiii ). In
ii), the same loading is applied to the twice as stiff beam which
leads to smaller deformation and results in slower motion. In the
bottom simulationiii ), the stiffness is equal to that ini), however
the amplitude of the loading is only half as big leading to even
slower motion.

Using a coarse spatial discretization yields a less stable
motion (see also below for a discussion of the relation between
the discretization and stability). Trajectoryiv) in Fig. 5 passes
trough a semicircle during the simulation timet = 100, while in
the same simulation with a finer discretizationi), the trajectory
shows only a slight curve. Remarkably, in simulationv), the
beam turns to the right trough a quadrant. The beam is twice as
long as that iniii ) and shows a qualitatively different (turning
instead of forward motion) and much faster motion.

Two simulations with different bending stiffness varying
along the centerline of the beam are shown in Fig. 6. Both
beams move to the left and perform slight left curves in contrast
to the right curved trajectories of the equally loaded beamsin
i) and ii). In the top simulationvi), the first half of the beam
(the ‘head’) is ten times stiffer than the second half (the ‘tail’).
One can observe that bending occurs in the second half of the
beam only. The very slow velocity of the motion indicates
that being able to bend the head may be important for fast
swimming. In comparison tovi), the beam invii) moves faster
and shows also deformation of the head. Its bending stiffness
varies linearly fromEI1,2 = 10 at the head toEI8,9 = 3 at the tail.

Next, we investigate two kinds of swimming behavior as
shown in Fig. 7. First inviii), torques are applied between all
the elements for a period oft = 50, such that until this time, it
moves as simulationi). After that, the beam undergoes passive
swimming and is rapidly slowing down and moves into a tighter
curve. Secondly, inix), only the head (the first four elements
from the left) is loaded by nonzero torques. This beam moves
slowly to the left on an almost straight trajectory.

7 Copyright c© 2009 by ASME



−3 −2.5 −2 −1.5 −1 −0.5 0 0.5 1
0

0.5

1

1.5

2

2.5

Figure 4. BEAM CONFIGURATIONS WITH DIFFERENT APPLIED

TORQUES AND STIFFNESS PARAMETERS, i) A= 1,EI = 5, ii) A=
1,EI = 10AND iii ) A = 0.5,EI = 5.

0 1 2 3 4
−4

−3

−2

−1

0

1

2

3

Figure 5. BEAM CONFIGURATIONS WITH DIFFERENT APPLIED

TORQUES, LENGTHS AND NUMBER OF ELEMENTS, iv) A = 1, l =
1,N = 3 AND v) A = 0.5, l = 2,N = 9.

Finally, we examine the behavior of the beam when it is
moving passively with no applied torques. We focus on the case
when the beam is given an initial translational velocity along its
undeformed length. This motion is a relative equilibrium, that is,
in the absence of any loading and disturbances, the beam con-
tinues to move with the same translational velocity. We numer-
ically examine the behavior of the beam with no torque loading

−3 −2.5 −2 −1.5 −1 −0.5 0 0.5 1
−1.5

−1

−0.5

0

0.5

1

Figure 6. BEAM CONFIGURATIONS WITH DIFFERENT STIFFNESS

VARYING ALONG THE BEAM, xi) EI = 50,s< l
2,EI = 5,s> l

2 AND

xii) EI = 11− s
∆l .

but only a given initial velocity. In a first numerical experiment,
only a translational initial velocity ofv0 = [0.1,0] in x-direction
was imposed on every element and beams consisting ofN = 3
andN = 9 elements have been tested. Both the coarsely and the
finely discretized beams were swimming perfectly stable to the
right for t = 100. In a second experiment, a small perturbation
in the initial y-velocity is given and we look for the first occur-
rence of unstable behavior in the sense that the beam leaves its
horizontal configuration (with an end node’sy-coordinate devi-

−3 −2.5 −2 −1.5 −1 −0.5 0 0.5 1 1.5
−0.5

0

0.5

1

1.5

Figure 7. BEAM CONFIGURATIONS WITH DIFFERENT APPLIED

TORQUES, viii) τ(t,s) = 0,t > 50AND ix) τ(t,s) = 0,s> l
2 .

8 Copyright c© 2009 by ASME



0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
−0.5
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Figure 8. BEAM CONFIGURATIONS WITH DIFFERENT NUMBER OF

ELEMENTS, x) N = 3, xi) N = 9 AND xii) N = 27. NO TORQUES

ARE APPLIED (A = 0) AND THE BEAM IS GIVEN AN INITIAL VELOC-

ITY vvv0 = [10−1,10−4] IN EVERY ELEMENT.

ating more than one percent of the beam’s length from its ini-
tial value). Usingv0 = [0.1,ε] with ε = 2.2 · 10−16 being the
floating-point relative accuracy in Matlab, andN = 3 (with 12
fluid panels per element), first unstable behavior was detected at
t = 35.13. A slightly larger perturbation of the initialy-velocity
v0 = [0.1,10−4] lead to unstable motion att = 2.13. The third
considered initial velocity varies over the length of the beam ac-
cording tov0 = [0.1,(3.5− s

∆l ) ·10−5] and first deviations from
the horizontal configuration occurred att = 3.8.

Using N = 9 (with 4 panels per element) resulted in insta-
bility at t = 78.1, t = 4.4 andt = 9.91, for the different initial
velocities, respectively. Simulations with 12 panels per element
predicted unstable behavior at slightly earlier times, namely at
t = 78.03, t = 4.37 andt = 9.86. Increasing the number of
elements toN = 27, the influence of the number of fluid pan-
els per element becomes negligible. First unstable behavior has
been detected att = 82.04, t = 5.26 andt = 4.59 for the dif-
ferent initial velocities. For all three discretizations,the be-
havior did not change when the bending stiffness varied with
EI ∈ {5,10,102,103,104}.

Using the initial velocityv0 = [0.1,10−4], Fig. 8 shows the
motion of the coarsely discretized beamx) and the two finer dis-
cretizations inxi) and xii), respectively. On the one hand, it
is visible that the coarse beam’s behavior is very unstable –at
t = 10, the beam has already rotated by almost 180o. On the
other hand one can observe that the behavior of the two finer
beams does not differ significantly. These numerical experiments
show that the onset of instability may be delayed by proper dis-
cretization of the beam. A rigorous analysis of the beam’s stabil-

ity, including its behavior in the continuous limit, remains to be
undertaken in a future work.

7 CONCLUSIONS
The motion of a Cosserat beam submerged in an infinite vol-

ume of inviscid, incompressible fluid is proposed as a model
for fish swimming. Due to the nonlinear coupling between the
beam and the surrounding fluid (accounted for using the added
mass effect), the submerged beam could undergo a net locomo-
tion (swimming) subject to prescribed torsional loading onits
centerline. Such loading can at most result in a net rotational
motion in the absence of the fluid. In addition to the ability of
the model to detect net displacements and rotations, it alsoac-
counts for the body’s elastic effects, that is, deformations due to
the prescribed loading. This is in contrast to the fish model pre-
sented in [3] which considers prescribed deformations and does
not account for possible mechanical reflexes of the fish skin and
muscles. The submerged beam model presented here provides a
suitable framework for modeling fish swimming in a way that en-
codes the material properties of the fish and the shape actuation
along its centerline. Indeed, properly modeling the elastic effects
is indispensable for addressing issues related to the feasibility of
a prescribed deformation in terms of the stresses and strains it
causes in the fish body. Future extensions of this work will in-
clude more accurate models of the material behavior of the fish
(better constitutive models) which will allow us to analyzethe
stresses and strains as well as the energy needed for locomotion
in more detail.
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